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Abstract

This paper introduces a novel operator E{}_'g defined by means of
(p, @) —calculus and investigates its applications in the study of
analytic functions. Two new subclasses analytic functions
associated with this operator are defined and their coefficient
estimates are obtained. The main part of this study is devoted to
establishing several results concerning third-order fuzz differential
subordination for the defined operator.
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1. Introduction

The geometric theory of analytic functions has been one of the most
important areas in Complex Analysis since the beginning of the 20th
century. The early work focused on univalent functions, coefficient
problems and geometric properties such as starlikeness and
convexity. A major development happened when Miller and
Mocanu introduced the theory of differential subordination [6]. This
theory gave a unified method to study many subclasses of analytic
functions. Later, researchers extended this idea to second order and
third order differential subordinations to obtain sharper and more
general results. The third order case is very important because it
involves the third derivative and gives better control ([3],[7],[13]).
Zadeh introduced the concept of fuzzy sets [15]. The main idea was
to allow partial membership instead of classical yes or no. When this
idea was applied to Complex Analysis, it led to fuzzy differential

2 ISTJ — Volume 39 - 2 2 -39 22ell - Al 5 o glall 40 gal) Alsall



http://www.doi.org/10.62341/istj-vol39-2-ar24

International Science and Volume 39 1) Ty el Tl Al

mtrraational heimers mad Terlasiags Jemraal

ool dowmal © - pare2 dad ey 2K

Classes Of Analytic Functions Associated with the
E (p,q9)"(A,0)Operator and Their Applications to Third-Order Fuzzy
Differential Subordination
http://www.doi.org/10.62341/istj-vol39-2-ar24

subordination. The fuzzy approach is more flexible because it
measures the degree of subordination. Many authors used this
concept to study different classes of analytic functions [9]-[11]. At
the same time, the field ofq —calculus and (p, q) —calculus has
grown rapidly. Jackson was one of the first to work on g-derivatives
and g-integrals. Recently, Srivastava introduced (p, q) —calculus as
a two-parameter generalization of q —calculus. This calculus
reduces toq —calculus when p =1 and to classical calculus
whenp = land q — 1. Manyresearchershave usedq — and (p, q) —
calculus to define new operators in Geometric Function Theory
because it gives more freedom to control the results (
[11,[41,[5],[14]).
Motivated by all these developments, in this paper we introduce a
new operator and use it to define two new subclasses of analytic
functions. In Section 3, we study some of their properties and then
apply concept of third-order fuzzy differential subordination to
obtain several results.
Let $Hbe the class of all normalized analytic functions in
U and $][a, k]be the subclass of $ consisting of functions

$la k] = {f(2) €U : f(2) = a+ qz" + agy 2541 + -
LetA c Hbe the class of functions analytic in U and has the
Taylor-Maclaurin series of the form:

f(Z) =z + Z?:Zakzks _ (171)
WhereU = {z€C: |z|< 1}, U={z€eC(1): |z] < 1}
AndoU = {zeC: |z| = 1}.

Let functionsf, g € A,where g(z) = z + Y., biz*.Twhen
Hadamard product, or convolution off and gdenoted by

(f * g)(2)is defined by
(F*9) (@) = z + i, axbz"

For0 < q < p < 1, the (p, q) —differential operator [14]
is defined asDp, 5: A = A
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@2 - f@2)]
Dyaf (@) = Zg=pa %2 * 0

The (p, q) —number for k € N is
pk _ qk
klpq = p-a
Letting A > 0 and 8 = 0, we have

Epapf @ = (045 f)(2)

2 2
= (1= 1) 2+ 1o (1 = DF @) + 22D, f ()]
=2+ TP [1+ A([klpq — D]z

For 6 € Ny,We define new operator Eﬁg t A = A asd — times
Hadamard product of E;}, q. gives by

A6
Ep'qf(z) = leq,ﬁ(z) * leq,ﬁ e K ngq,ﬁ * f(z)

S—times
o 2 8 k
= z+ 32, (25 [1+ Akl — D)) @, (12)
Where 0} 5(2) = 1+2_B [1+A([k],q — D]and 8,2 = 0,5 €
N,.

Remark 1.1.The operatorEz’},’; pdefined by (1.2) reduces(p, q) —
differential operator when § = A = 1.8 = 0[14], to the g-
differential operator when p = 1,8 = 0 andA = § = 1[4], to the
Al-Oboudi operator when p = 1,q —» 17, = 0[2], and to the
operator when § = 1,4 = 0 [8].

Using this operator, we now define two new subclasses
Definition 1.1.A function f € A is said to be in the

classM ®F (u, p, q, 1) of starlike functions with respect to operator
EXS if

b.q
{Z (Frag @)

<
E{},’gﬁf(Z) }> wo < u<1li1 zel. (1.3)
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Definition 1.2.A function f € A is said to be in the class
H P (u,p, q, 1)of convex functions with respect to operator Eg,'g if

z (EXS 5 (@)
Re 1+w >u 0<u<l, zeU. (1.4)
(225 r@)r

The classesM % (u, p, q, 1) and H *8 (u, p, g, ) were introduced
by Robertson [12].

2. Preliminaries

For the purpose of proving our new findings on the third-order
fuzzy differential subordination, we shall present some essential
definitions and lemma in this section.

Definition 2.1.[7] Let W denote the set of functions w that are
analytic and univalent on the set U — N(w) where U = U U dU
andN(q) = {{ € dU: le_r{lc w(z) = oo}and are such that

min|w'(z)| =t > 0 for dU — N(w)

Definition 2.2.[9] Let X'be nonempty set. An application F: X' —
[0,1] calledfuzzy set.

Defin1t10n2 3.[10] A pair (M, Fy), whereF, 1

andM = {x € JC (] <I;~“M(>g) < {Yiscalledfu Zzysubsetotl

XandFyis called the membership function of the fuzzy set
(M, FMS/l OnecanalsodenoteM = supp(M, Fy).

Definition 2.4. 10LtBCC let z,
let tl{lel f!l(l)IIllCth (% gbg holomo anlﬂc?n

be_fuzzy subordinate to f ncti n df(z
afunction ¥ : C » suc

(D) f(z0) = 9(20),
(2)F(f(2)) < F(g(2)),z € B.

Definition 2.5.[3] Let ®be a function, w € Wand k = 2. Functions
Y: C* X U — Care called admissible functions and belong to the
so-called class of admissible functions denoted by WYk [®, w] if the
admissibility condition

S Bb% a ﬁxed l{[;zoint nd

18 said to
<r g 1f there exists

Y(r,s, t,u; z) € P,

Is satisfied when

5 ISTJ — Volume 39 - 2 2 -39 22ell - Al 5 o glall 40 gal) Alsall


http://www.doi.org/10.62341/istj-vol39-2-ar24

International Science and Volume 39 1) Ty el Tl Al

mtrraational heimers mad Terlasiags Jemraal

ool dowmal © - pare2 dad ey 2K

Classes Of Analytic Functions Associated with the
E (p,q9)"(A,0)Operator and Their Applications to Third-Order Fuzzy
Differential Subordination
http://www.doi.org/10.62341/istj-vol39-2-ar24

r=w({),s =k w'(]), Re{§+ 1} = k[Re {1 + z\‘:‘v/’:g)}]’

U 2 2w
And Re{s} > k“Re { O 1
Where z € U, € 0U — N(w).
If ® # C is also a simply connected domain, there exists a function
h which maps conformal the unit disc satisfying the condition
h(0) = ¥(a,0,0,0; 0)and his a conformal mapping of Uonto
®we denote this class by ¥ € Yk[h, w].

Definition 2.6. [11] Let h € $(U)and y: C* x U > C, €
Yk[h,w]. A functiong € $H(U)is called solution for a third-order
fuzzy differential subordination if it satisfies.

Fycrxn®(9(2), 29" (2), 2% 9" (2), 29" (2); 2) < Fyyh(2)

Lep(p(2),2¢'(2),2°¢" (2),2° 9" (2); 2) < h(2).
Lemma 2.1. [11] Taking a function ¢ € $H[a, k] when k = 2,
consider a function w € W (a)satisfying the conditions:

w'@) |20’ @
W@ = w©

Where z € U,{ € U — N(w).Also consider F : C — [0,1].If
Y € Wk[h,w] andy(@(2),ze'(2),2z%¢" (2),z3¢"" (2); z) €
$H(U),then we have

Y(@(2),2¢9'(2),2%¢" (2),2°¢"" (2); 2) <r h(2),

<k

Implies
@(2) <p w(2).
3. Main Results
In this section, coefficient estimate for
M (u,p,q, andH %P (u, p, q, A)are first derived as follows:
Theorem 3.1. Let f € A, if the following inequality holds:

3 [ (14 Ak — D)) el < 1 G.1)

1—ul\1+e~s

For0 < u < 1,thenfbelongs toM%f(u,p,q,1,6).
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Proof: To prove, f € M 6.8 (u,p,q, A, 8), it suffices to show that
| dEpesr@) |
EA,S— — 1
p‘q,ﬁf(z)

Z(Ez/}fg,ﬁf (Z))'
7.5
Ep‘q”gf(z)

<1
+ 1-2u

From (1.2) we have:
E)S f(2) =z FIE 2 Braw 2, (E)y g /) (2) = 1+
2K=2 k Bk (085 Z

Where B;, = ( [1 + A([k 1)]) ‘Then
(vqﬂf(z)) . :2;?:2 (k — 1) By @y 751
E/lé‘ﬁ f(Z) 1 +Z?=sz ag zk-1

Taking moduli and invoking the triangle inequality, we obtain

2 (Bpap @) |5ty G- DBy lad
B2, @ T L+ SimBiad

Using condition (3.1), we get:

Y Belad s —t<1-p
k—u
K=2
And after simplification we obtain:

z (B} s f(D)’
pqﬁ’f(z)

Consequently, fbelongs toM %# (u,p, q, A, 8) as required. O
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Theorem 3.2. Let f € A, if the following inequality holds:

© [k(k — p) 2 s
Zk:z[ 1 — ‘uﬂ (1 +eS [1 +’1([k]p.q - 1)]) lax] < 1. (3.2)

For0 < u < 1,thenfbelongs toH 38 (u,p,q, 2, 8).
Proof: The proof follows similar lines as Theorem 3.1 by

2 (Epas f@)r
A6
(Ep,q,ﬁ f(z))l
an extra factor k.O

consideringl + and noting that differentiation brings

Finally, we present several results related to the third-order fuzzy
A8
E )

differential subordination with respect to operatorE}’, 5

Theorem 3.3. Let f € Aand 4, = 0,6 ENp,0<g<p<1
Let w(z) be convex univalent inU with w(0) = 1. If

dCTLC ( (3 1), ) v ( (2 @) ) N

Epq f(2) Epq f(2) Epap (@
5 (70 f(z)), "
3 ( p.9.8
V3Z2° | ——— <z h(2), 33
3 ( 22 F h(2) (3.3)

whereh(z)is convex univalent inU with h(0) = 1 and v4,v,,v3 €
C.Then

z (E»S @)
(”L) <z w(2), (3.4)

Function w satisfying (3.4) is the fuzzy best dominant.
Proof: To prove this result, we introduce the auxiliary function

z (E;}gﬁ f(z))/

) ) (3.5)
ENF(2)

p(z) =

8 ISTJ — Volume 39 - 2 2 -39 22ell - Al 5 o glall 40 gal) Alsall
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A8 o0 2
because f € AandE,, 5 f(2) =z+ XK= (m [1+

)
Alklpq — 1)]) a,z®, it follows that ¢ (z) is analytic in U
and ¢(0) = 1.

Now we compute the derivatives ofgp(z). By logarithmic
differentiation of (3.5) we obtain

20 _ | 7 (Fpapf@)"
(2) (Eyrop f(@)

—@(2).

From this relation, after some simplification we can express
2¢'(2),22¢"'(z) and z% ¢'"'(2) in terms of E,o; f(z)and its
derivatives.Substituting these expressions into G(z)given in (3.3),
we see that G(z)reduces to the form:

G(2) = ¢(2) +v129'(2) +v,2%9" (2) + v32° 0" (2), (3.6)

Lety(r,s,t,u; z) =r +vys + vyt +vyu, where r =@(2), s =
z@'(z),t = z2¢""(z) and u = z3¢""' (). Then the third-order fuzzy
differential subordinationG(z) < h(z) becomes

V(p(2),2¢'(2),2°¢0" (2),2° 9" (2); z) < h(2). (3.7)

Since @(z) is analytic with@(0) =1, vi,v,,v3 € C,w(2) is
convex withw(0) = land h(z) is convex withh(0) =1, the
admissibility conditioniyp € Yk [h, w] is satisfied by Definition 2.5.
Hence, by Lemma 2.1, we have @(z) <y w(z) in U. Finally, using
the definition of ¢ (z) from (3.5), we obtain (3.4) and ¢ is the fuzzy
best dominant. Thus we obtain the required conclusion. O

By assigning specific values to the parameter v4,v,, V3 we obtain
the following original result.

Corollary 3.1. Let f € Aand 1, > 0,6 €Ny ,0<g<p<1
Let q(z) be convex univalent inU with q(0) = 1. If

9 ISTJ — Volume 39 - 2 2 -39 22ell - Al 5 o glall 40 gal) Alsall
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w +vz (w) <r h(2),

Epiapf@ Epiap @
Whereh(z)is convex univalent inU with h(0) = 1 and v € C. Then
z (E;‘;ﬁ f(Z)) !

Epap @

<r q(2).

Proof: The result follows form Theorem 3.3 by taking v; = v and
VZ = V3 = OD
As an application of Theorem 3.3, we deduce a sufficient condition

for the operator E;’g pto belong to the class of starlike functions of

orderu.

Corollary 3.2. Let f e Aand0 < u <1, 4, = 0,6 €N, 0<

z (Ei’;ﬂ f(z))’ . z (E;f,}f,g f(z))’ ,
E) . f(2) E)e . f(2)

z (E;’;B f(z))'
Eye s f(2)

z (EM f(2))r "
V3Z3 (—( Pap ) -1

A6
Ep,q,ﬁ f(2)

1

+ v,z2

1_
<=t
M

Wherev,,v,,v; € C.Forall z € U, then

> pHenceE) ; fis starlike in U.

z (E;“gﬁ f(z))r
Re \———
Ep.q.B f(2)

Proof: Set h(z)=1+ 1‘7"2 and w(z) =1+ 1+(i:j#)z o

Theorem 3.3. Since w(z) is convex univalent and h(U) c w(U), all

10 ISTJ — Volume 39 - 2 2 - 39 23all - Al 5 o slall 440 ) Alsall
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conditions Theorem 3.3 are satisfied. Thus <rp1l+
Epqp @
- z(Epag F@)r
Q207 hich s equivalent to Re W > u . Thus
1-z p a.B f(2)
; 3 p fis starlike in U.0

Theorem 3.3provides a general framework for starlikeness. By
applying a similar technique to the functiong(z) =1+

z (ngg.ﬁ f (Z))”
(Ejfg.ﬁ f (Z)>’

Theorem 3.4.Let f € Aand A ,f > 0,6 ENy,, 0<g<p <1
Let w(z) be convex univalent inU withw(0) = 1. If

, we now establish an analogous result for convexity.

!

2 (Eyas f@)" cvsl 1 z (Epasf@)"
( pqﬁf(z)) ( pqﬂf(z)>
A6 "
rvyzz 142 (s /) +
(B2, r@)"
V3z3 (1 + Z((:g—;((j)):l> <r h(2)

Whereh(z)is convex univalent inU with h(0) = 1 and v4,v,,v3 €

C. Then
z (B}, f(2)"

(522, f@)"

And w is the fuzzy best dominant.

<r w(2).

Corollary 3.3. Let feAdand0<u<1, 4,8= 0,6 €N, 0<
q<p<1lLetM =1+ |vi|+ 2|v,| + 6] vs|.
If.
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!

1+ ACTUON +vz| 1+ # (Epap 12)"
)\ Tt
A6 "
+ v, 22 1+Z (E ﬁf(z)) n
(22, 1)’
v32° (1 + Z—g;g: ;((ZZ)))),”> —1| <=tz

Wherev,,v,,v; = 0.Then

z (B}, f(2)"
(52, f@)"

HenceE o, B fis convex in U.

Re < 1+

> L.

4. Conclusions
This paper presents a novel operatorE 0, ﬁ defined on analytic

functions. By using this operator, we defined new subclasses of
analytic functions. The main results include coefficient estimates
and third-order fuzzy subordination theorems. Future research may
focus on generalizing the operator to broader classes of functions,
examining its Hankel determinant and studying third-order fuzzy
super ordination. Moreover, the application of fuzzy subordination
concepts shows promise in areas that deal with imprecise data, such
as control systems, modeling, and decision-making processes.
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      E  𝒑 , 𝒒  𝝀 , 𝜹  


      E  p , q  𝜆 , 𝛿


  ( p , q ) −


  ( p , q ) −


    E  𝒑 , 𝒒  𝝀 , 𝜹


    E  p , q  𝜆 , 𝛿


  − ( p , q )


  −  ( p , q )


  q −


    ( p , q ) −


  ( p , q ) −


  q −


  q −


  p = 1


  p = 1


    q → 1


  q −


    ( p , q ) −


  ℌ  


  U  


    ℌ [ a ,   k ]


  ℌ  


  ℌ  [ a ,   k ] = { f  ( z ) ∈ U   : f  ( z ) = a +   a  k   z  k +   a  k + 1   z  k + 1 + … }


  𝒜 ⊂   ℌ  


  f ( z )   =   z   +     ∑  k = 2 ∞    a  k   z  k


    U   =    { z ∈ C   :    | z | <   1 }   ,         U -   =   { z ∈ C   ( 1 , 1 )   :   | z |   ≤   1 }


  𝜕 U   =    { z ∈ C   :    | z | =   1 } .


  f , g ∈ 𝒜


  g  ( z ) =   z   +     ∑  k = 2 ∞    b  k   z  k .


  f


  g


   ( f ∗ g )  ( z )


   ( f ∗ g )  ( z ) =   z   +     ∑  k = 2 ∞    a  k   b  k   z  k


    0   <   q   <   p   ≤   1 ,


    ( p , q ) −


    D  p , q : 𝒜 → 𝒜


    D  p , q f ( z )   =       [ f ( p z )   −   f ( q z ) ]    [ ( p   −   q ) z ] ,   z   ≠   0


    ( p , q ) −


  k   ∈   N


    [ k ]  p . q   =       p  k   −     q  k  p   −   q .


  𝜆   ≥   0


  𝛽 ≥   0


    E  p , q , 𝛽  𝜆 f  ( z ) =  (  Ω  p , q , 𝛽  𝜆 ∗ f )  ( z )


  =  ( 1 −  2  1 +   e  − 𝛽 ) z +  2  1 +   e  − 𝛽 [  ( 1 − 𝜆 ) f  ( z ) + z 𝜆   D  p , q f  ( z ) ]


  =  ( 1 −  2  1 +   e  − 𝛽 ) z +  2  1 +   e  − 𝛽 [  ( 1 − 𝜆 ) f  ( z ) + z 𝜆   D  p , q f  ( z ) ]


  =   z +       ∑  K = 2 ∞     2  1 +   e  − 𝛽  [ 1 + 𝜆 (    [ k ]  p . q − 1 ) ]   a  k z  k


  𝛿 ∈   N 0 ,


      E  p , q  𝜆 , 𝛿 : 𝒜 → 𝒜


    𝛿 −


    E  p , q , 𝛽  𝜆


        E  p , q  𝜆 , 𝛿 f  ( z ) =    Ω  p , q , 𝛽  𝜆  ( z ) ∗  Ω  p , q , 𝛽  𝜆 … . ∗  Ω  p , q , 𝛽  𝜆 ⏟  𝛿 − t i m e s ∗ f  ( z )


    =   z +       ∑  K = 2 ∞     (  2  1 +   e  − 𝛽  [ 1 + 𝜆 (    [ k ]  p . q − 1 ) ] )  𝛿     a  k z  k ,


     Ω  p , q , 𝛽  𝜆  ( z ) =  2  1 +   e  − 𝛽  [ 1 + 𝜆 (    [ k ]  p . q − 1 ) ]


  𝛽 ,   𝜆   ≥   0 ,   𝛿 ∈   N 0 .


    E  p , q , 𝛽  𝜆 , 𝛿


   ( p , q ) −


  𝛿 =   𝜆 = 1 .   𝛽 = 0


  p = 1 , 𝛽 = 0 و                                                               
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



  𝜆 = 𝛿 = 1  [ 4 ]


    p = 1 ,   q →  1 − , 𝛽 = 0


  𝛿 = 1 ,   𝜆 = 0  


  f   ∈   𝒜


   ℳ  𝛿 , 𝛽 ( 𝜇 , p , q , 𝜆 )


    E  p , q  𝜆 , 𝛿


  R e    {   z    (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′      E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) } >   𝜇 ,   0   ≤   𝜇   <   1 ,       z ∈ U .  


  f   ∈   𝒜


   ℋ  𝛿 , 𝛽 ( 𝜇 , p , q , 𝜆 )


    E  p , q  𝜆 , 𝛿


  R e    { 1 +     z      (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′ ′     (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′ } >   𝜇 ,       0   ≤   𝜇 < 1 ,       z ∈ U .                                    


   ℳ  0 , 𝛽 ( 𝜇 , p , q , 𝜆 )


   ℋ  0 , 𝛽 ( 𝜇 , p , q , 𝜆 )


    W  


  w  


      U - −   𝛮 ( w )  


      U - =   U ∪ 𝜕 U


  Ν ( q )   =   { 𝜁 ∈ 𝜕 U :      lim  z ⟶ 𝜁 ⁡  w  ( z ) = ∞ }


  m i n  | w ′  ( z ) | = 𝜏 >   0  


  𝜕 U − 𝛮 ( w )


  𝒳


    F : 𝒳 → [ 0 , 1 ]


    ( M ,  F M )


    F M : 𝒳 → [ 0 , 1 ]


  M = { x ∈ 𝒳 : 0 <   F M ( x ) < 1 }


  𝒳


    F M


   ( M ,   F M ) .


  M = s u p p  ( M ,   F M ) .


  Β ⊂ C


    z 0 ∈ Β


  f ,   g


  U


  f


  g


  f  ( z )  ≺  F g  ( z )


  F   :   C →   [ 0 ,   1 ]


  f (   z 0 )   =   g (   z 0 ) ,


    F  ( f  ( z ) ) ≤ F  ( g  ( z ) ) ,   z ∈ Β .


  Φ


  w ∈ W


  k ≥ 2


  𝜓 :    C 4 × U → C


  𝛹 𝜅 [ Φ ,   w ]  


  𝜓 ( r ,   s , t ,   u ;   z )   ∉ Φ ,


  r = w  ( 𝜁 ) ,   s = k   𝜁 w ′  ( 𝜁 )


  R e {   t  s + 1 } ≥ k [ R e    { 1 +     𝜁   w  ′ ′ ( 𝜁 )    w ′ ( 𝜁 ) } ]


  R e {   u  s } ≥   k 2 R e   {       𝜁 2   w  ′ ′ ( 𝜁 )    w ′ ( 𝜁 ) }


  z ∈ U ,   𝜁 ∈ 𝜕 U − 𝛮  ( w ) .


  Φ ≠ C


  h ( 0 )   =     𝜓 ( a ,   0 ,   0 ,   0 ;   0 )


  h


  U


  Φ


  𝜓 ∈ 𝛹 𝜅 [ h ,   w ]


    h ∈ ℌ ( U )


  𝜓 :    C 4 × U   →   C ,   𝜓 ∈ 𝛹 𝜅  [ h ,   w ] .


  𝜑 ∈ ℌ  ( U )


    F  𝜓   ( C 4 × U ) 𝜓 ( 𝜑  ( z ) , z   𝜑 ′  ( z ) ,   z 2   𝜑  ′ ′  ( z )   , z 3   𝜑  ′ ′ ′  ( z ) ;   z ) ≤   F  h ( U ) h ( z )


  𝜓  ( 𝜑  ( z ) , z   𝜑 ′  ( z ) ,   z 2   𝜑  ′ ′  ( z )   , z 3   𝜑  ′ ′ ′  ( z ) ;   z )  ≺  F h  ( z ) .


  𝜑 ∈ ℌ [ a ,   k ]


  k   ≥ 2


    w ∈ W  ( a )


    𝜁   w  ′ ′ ( 𝜁 )    w ′ ( 𝜁 ) ≥ 0 ,    |   z   𝜑 ′ ( z )    w ′ ( 𝜁 ) | < k


  z ∈ U ,   𝜁 ∈ 𝜕 U − 𝛮  ( w ) .


  F   :   C →    [ 0 ,   1 ] .


  𝜓 ∈ 𝛹 𝜅 [ h ,   w ]


  𝜓  ( 𝜑  ( z ) , z   𝜑 ′  ( z ) ,   z 2   𝜑  ′ ′  ( z )   , z 3   𝜑  ′ ′ ′  ( z ) ;   z ) ∈ ℌ  ( U ) ,


  𝜓  ( 𝜑  ( z ) , z   𝜑 ′  ( z ) ,   z 2   𝜑  ′ ′  ( z )   , z 3   𝜑  ′ ′ ′  ( z ) ;   z )  ≺  F h  ( z ) ,


  𝜑  ( z )  ≺  F w  ( z ) .


   ℳ  𝛿 , 𝛽  ( 𝜇 , p , q , 𝜆 )


   ℋ  𝛿 , 𝛽 ( 𝜇 , p , q , 𝜆 )


    f ∈   𝒜


    ∑  k = 2 ∞   [   k   −   𝜇  1   −   𝜇 ]    (  2  1 +   e  − s  [ 1 + 𝜆  (    [ k ]  p . q − 1 ) ] )  𝛿   | a  k | ≤   1 ,                                      


    0   ≤   𝜇   <   1 ,  


  f


   ℳ  𝛿 , 𝛽 ( 𝜇 ,   p ,   q ,   𝜆 , 𝛿 ) .


  f ∈  ℳ  𝛿 , 𝛽  ( 𝜇 ,   p ,   q ,   𝜆 , 𝛿 ) ,  


   |     z  (   E  p , q 𝛽 ,  𝜆 , 𝛿 , f  ( z ) ) ′    E  p , q , 𝛽  𝜆 , 𝛿 f  ( z ) − 1    z  (   E  p , q , 𝛽  𝜆 , 𝛿 f  ( z ) ) ′    E  p , q , 𝛽  𝜆 , 𝛿 f  ( z ) +   1 − 2 𝜇 | < 1


    E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) = z   +   ∑  K = 2 ∞   ℬ  k   a  k     z  k ,   ( E  p , q , 𝛽  𝜆 , 𝛿   f ) ′  ( z ) = 1 +   ∑  K = 2 ∞    k    ℬ  k   a  k     z  k


   ℬ  k =    (  2  1 +   e  − s  [ 1 + 𝜆 (    [ k ]  p . q − 1 ) ] )  𝛿


    z    (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′      E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) − 1 =     ∑  K = 2 ∞    ( k − 1 )    ℬ  k   a  k     z  k − 1  1 +   ∑  K = 2 ∞   ℬ  k   a  k     z  k − 1


   |   z    (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′      E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) − 1 | ≤     ∑  K = 2 ∞    ( k − 1 )    ℬ  k  |   a  k |  1 +   ∑  K = 2 ∞   ℬ  k  |   a  k |


    ∑  K = 2 ∞   ℬ  k  |   a  k | ≤   1 − 𝜇  k − 𝜇 ≤ 1 − 𝜇


  R e    {   z    (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′      E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) } >   𝜇   .


  f


   ℳ  𝛿 , 𝛽 ( 𝜇 ,   p ,   q ,   𝜆 , 𝛿 )


    f ∈   𝒜


    ∑  k = 2 ∞   [   k  ( k   −   𝜇 )  1   −   𝜇 ]    (  2  1 +   e  − s  [ 1 + 𝜆  (    [ k ]  p . q − 1 ) ] )  𝛿   | a  k |   ≤ 1 .     ( 3 . 2 )


    0   ≤   𝜇   <   1 ,  


  f


   ℋ  𝛿 , 𝛽 ( 𝜇 ,   p ,   q ,   𝜆 , 𝛿 ) .


  1 +     z      (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′ ′     (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′


    k


    E  p , q , 𝛽  𝜆 , 𝛿


  f ∈ 𝒜


  𝜆 ,   𝛽 ≥   0   ,   𝛿 ∈   N 0 ,   0 < q < p ≤ 1


  w ( z )


  U


  w ( 0 ) = 1


    z    (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′      E  p , q  𝜆 , 𝛿   f  ( z ) +   𝜈 1 z    (   z    (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′      E  p , q  𝜆 , 𝛿   f  ( z ) ) ′ +   𝜈 2   z 2    (   z    (   E  p , , 𝛽 q  𝜆 , 𝛿   f  ( z ) ) ′      E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) )  ′ ′ +   𝜈 3   z 3    (   z    (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′      E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) )  ′ ′ ′  ≺  F h ( z )


  h ( z )


  U


  h ( 0 ) = 1


    𝜈 1 ,   𝜈 2 ,   𝜈 3 ∈ C .


    z    (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′      E  p , q , 𝛽  𝜆 , 𝛿   f  ( z )  ≺  F w  ( z ) ,                                                                                                                                              


  w


  𝜑 ( z ) =   z    (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′      E  p , q , 𝛽  𝜆 , 𝛿   f  ( z )


  f ∈ A


    E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) = z +       ∑  K = 2 ∞       (  2  1 +   e  − 𝛽  [ 1 + 𝜆 (    [ k ]  p . q − 1 ) ] )  𝛿   a  k z  k


  𝜑 ( z )


  U


    𝜑  ( 0 ) = 1


  𝜑 ( z )


    z 𝜑 ′ ( z )  𝜑 ( z ) = 1 +   z    (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′ ′      ( E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′ − 𝜑  ( z ) .


  z 𝜑 ′ ( z ) ,     z 2 𝜑 ′ ′ ( z )


    z 3   𝜑 ′ ′ ′ ( z )


    E  p , q , 𝛽  𝜆 , 𝛿   f  ( z )


  𝒢 ( z )


  𝒢  ( z )


  𝒢  ( z ) = 𝜑  ( z ) +   𝜈 1 z   𝜑 ′  ( z ) +   𝜈 2   z 2   𝜑  ′ ′  ( z ) +     𝜈 3 z 3   𝜑  ′ ′ ′  ( z ) ,                          


  𝜓  ( r ,   s , t ,   u ;   z ) = r +   𝜈 1 s +   𝜈 2 t +   𝜈 3 u


  r = 𝜑  ( z ) ,     s = z   𝜑 ′  ( z ) ,   t =   z 2   𝜑  ′ ′  ( z )


  u =   z 3   𝜑  ′ ′ ′  ( z )


  𝒢  ( z )  ≺  F h ( z )


  𝜓  ( 𝜑  ( z ) ,   z   𝜑 ′  ( z ) ,   z 2   𝜑  ′ ′  ( z ) ,     z 3   𝜑  ′ ′ ′  ( z ) ;   z )  ≺  F h ( z )


  𝜑  ( z )


  𝜑  ( 0 ) = 1    


    𝜈 1 ,   𝜈 2 ,   𝜈 3 ∈ C , w ( z )


  w  ( 0 ) = 1


  h ( z )


  h ( 0 ) = 1


  𝜓 ∈ 𝛹 𝜅 [ h ,   w ]


    𝜑  ( z )  ≺  F w  ( z )


  U .  


  𝜑  ( z )


   ν 1 ,   𝜈 2 ,   𝜈 3


  f ∈ 𝒜


  𝜆 , 𝛽 ≥   0   , 𝛿 ∈   N 0   , 0 < q < p ≤ 1


  q ( z )


  U


  q ( 0 ) = 1


    z    (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′      E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) + 𝜈 z    (   z    (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′      E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′  ≺  F h ( z )


  h ( z )


  U


  h ( 0 ) = 1


  𝜈 ∈ C .


    z    (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′      E  p , q , 𝛽  𝜆 , 𝛿   f  ( z )  ≺  F q  ( z ) .


    𝜈 1 = 𝜈


    𝜈 2 =     𝜈 3 = 0 .


    E  p , q , 𝛽  𝜆 , 𝛿


  𝜇


  f ∈ 𝒜


    0 ≤ 𝜇 < 1 ,     𝜆 , 𝛽 ≥   0 , 𝛿 ∈   N 0 ,   0 < q < p ≤ 1 .


    M = 1 +  |   𝜈 1 | + 2  |   𝜈 2 | + 6  |     𝜈 3 |


   |   z    (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′      E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) +   𝜈 1 z    (   z    (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′      E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′ +   𝜈 2   z 2    (   z    (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′      E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) )  ′ ′ +


     𝜈 3   z 3    (   z    (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′      E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) )  ′ ′ ′ − 1 | <   1 − 𝜇  M


    𝜈 1 ,   𝜈 2 ,   𝜈 3 ∈ C .


  z ∈ U ,  


  R e    {   z    (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′      E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) } >   𝜇 .


    E  p , q , 𝛽  𝜆 , 𝛿   f


  U .


  h  ( z ) = 1 +   1 − 𝜇  M z


  w  ( z ) = 1 +   1 +  ( 1 − 2 𝜇 ) z  1 − z


  w  ( z )


  h  ( U ) ⊂ w  ( U )


    z    (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′      E  p , q , 𝛽  𝜆 , 𝛿   f  ( z )  ≺  F 1 +   1 +  ( 1 − 2 𝜇 ) z  1 − z


  R e    {   z    (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′      E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) } >   𝜇


    E  p , q , 𝛽  𝜆 , 𝛿   f


  U .


  𝜑 ( z ) = 1 +     z      (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′ ′     (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′


  f ∈ 𝒜


  𝜆     ,   𝛽 ≥   0 ,   𝛿 ∈   N 0 , 0 < q < p ≤ 1 .


  w ( z )


  U


  w ( 0 ) = 1


  1 +     z      (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′ ′     (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′ +   𝜈 1 z    ( 1 +     z      (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′ ′     (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′ ) ′ +   𝜈 2   z 2    ( 1 +     z      (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′ ′     (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′ )  ′ ′ +


    𝜈 3   z 3    ( 1 +     z      (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′ ′     (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′ )  ′ ′ ′  ≺  F h ( z )


  h ( z )


  U


  h ( 0 ) = 1


    𝜈 1 ,   𝜈 2 ,   𝜈 3 ∈ C .


  1 +     z      (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′ ′     (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′  ≺  F w  ( z ) .


  w


  f ∈ A


    0 ≤ 𝜇 < 1 ,     𝜆   ,   𝛽 ≥   0 ,   𝛿 ∈   N 0 , 0 < q < p ≤ 1 .


    M = 1 +  |   𝜈 1 | + 2  |   𝜈 2 | + 6  |     𝜈 3 |


   | 1 +     z      (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′ ′     (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′ +   𝜈 1 z    ( 1 +     z      (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′ ′     (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′ ) ′ +   𝜈 2   z 2    ( 1 +     z      (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′ ′     (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′ )  ′ ′ +


     𝜈 3   z 3    ( 1 +     z      (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′ ′     (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′ )  ′ ′ ′ − 1 | <   1 − 𝜇  M z


    𝜈 1 ,   𝜈 2 ,   𝜈 3 ≥ 0 .


  R e    {   1 +     z      (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′ ′     (   E  p , q , 𝛽  𝜆 , 𝛿   f  ( z ) ) ′ } >   𝜇 .


    E  p , q , 𝛽  𝜆 , 𝛿   f


  U .


    E  p , q , 𝛽  𝜆 , 𝛿


  q −


    q −


  q −

